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Improved analysis of the Landau theory of the uniaxial-biaxial
nematic phase transition
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A phenomenological theory is developed for uniaxial and biaxial nematic phases, based on a
two component tensor order parameter. Phase diagrams are plotted and investigated in the
plane of two thermodynamic parameters. Anomalies in thermal properties are studied in the
vicinity of an isolated four-phase critical point. The temperature dependences of the order
parameter and the thermodynamic quantities are also calculated theoretically for the first time.

1. Introduction

More than twenty years ago it was shown by Freiser
[1,2] that with decreasing temperature a nematic liquid
crystal consisting of biaxial molecules will have two
successive transitions according to the scheme: isotropic—
uniaxial order— biaxial order. The main purpose of
the present paper is to re-establish this prediction in
an improved way and to calculate the temperature
dependences of the order parameter and thermodynamic
quantities which are still lacking.

Interest in the theory of the nematic liquid crystal
phase was stimulated by the experimental discovery of
the long-predicted biaxial nematic phase by Saupe and
coworkers [3-5]. They studied the phase diagram
and critical properties of the ternary system potassium
laurate—1-decanol-D,O over concentration ranges where
nematic phases were likely to occur. They showed that
in these limited concentration ranges the following phase
sequence may be observed on heating and on cooling:
isotropic—uniaxial nematic (ijr ) (positive optical aniso-
tropy)-biaxial nematic (Ng)-uniaxial nematic (Ny)
(negative optical anisotropy). They observed that an
intermediate Np phase is formed for a certain con-
centration range while in other ranges a direct first
order NU-N{ transition is seen. The Ny-Np or
NU-Np transitions appear to be second order.

Experimentally, transitions have been observed that
seem to land directly from NG to Ng via a first order
transition. A few miceller nematic liquid crystals are
known where the phase diagrams suggest the existence
of a Landau point on the nematic—isotropic (N-I) trans-
ition line. The nematic phases formed can be positive or
negative uniaxial and even biaxial, depending on the
shape of the micelles. The phase diagram of the mixture

of rod-like and plate-like molecules of comparable size
and in comparable amounts also indicates the approach
of the Landau point. Evidence has been found that the
mixture undergoes a transition to two coexisting uniaxial
phases, rather than to a single biaxial phase.

Again, the important study by Alben of binary mix-
tures [ 6] included only the hardcore repulsion of rod-
like and plate-like molecules, and obtained a number of
interesting results. For example, the introduction of
plate-like molecules increases the N-I transition temper-
ature of rod-like molecules. Another result was that, at
a lower temperature, the uniaxial nematic phase can
undergo a second order transition to a more highly
ordered biaxial nematic phase. Between the two regions
NJ and Ny, Alben’s calculation showed that the two
second order lines between the uniaxial nematic and
biaxial nematic phases form a sharp cusp separating the
rod-like nematic phase NG and plate-like nematic phase
Nu, and that the cusp touches the first order isotropic—
uniaxial nematic transition line. The intersection of the
two second order lines and the first order transition line
forms a special critical point. However, because the
phase diagram which Alben presented in his paper
was the result of a numerical calculation, it is difficult
to examine the detailed thermodynamic and critical
behaviour in the region between the NG and No
transitions.

Further theoretical investigations [7-10] have pre-
dicted that a biaxial nematic phase is likely to form as
an intermediate phase between two uniaxial nematic
phases. These theoretical investigations show that an
isolated critical point is obtained in the phase diagram,
where the Np-Ng and Np-Ny phase boundaries meet
a first order NU-Ng line. At this isolated critical point
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the cubic coefficient of the order parameter in the
effective Hamiltonian becomes zero. In the present paper
the character of the order is discussed, together with the
various thermal properties in the different phases.

The molecules which comprise a typical nematic liquid
crystal (NLC) do not have an axis of rotational sym-
metry. This raises the question of whether any vestige
of the lower molecular symmetry is present in ordinary
nematic liquid crystals, and the possibility of biaxial
liquid crystals in which the molecular asymmetry
becomes manifest [11,12]. These problems have been
discussed previously in the literature [7-10]. Freiser
[1] has discussed a generalization of the Maier-Saupe
[13] theory involving an order to biaxial character;
Alben [9] has discussed the corresponding Landau
theory. The present work proposes a generalization of
the Landau theory which contains this order parameter.
Phase transitions from NLC to isotropic liquids (IL)
are generally weakly first order. It is shown that, in a
broad region of pressures, the nematic phase should
possess axial symmetry and be described by a uniaxial
ellipsoid of revolution. Near the isolated critical point a
narrow region without axial symmetry (biaxial phase)
can exist. Between these phases a second order transition
is possible. Baskakov et al. [14], by extrapolating the
experimental dependence of the specific volume discon-
tinuity on the temperature and pressure, conclude that
an isolated point exists.

In this work a generalized Landau theory is given.
The main results of this work are: (1) the possibility of
a re-entrant uniaxial phase with decreasing temperature,
below the biaxial phase; (2) the characterization of the
order of the different transitions; (3) the characterization
of thermal properties near the critical point.

2. Landau theory
The basis of the Landau theory is the assumption that
there is a free energy F which can be regarded as an
analytic function of an appropriate order parameter
whose value is determined by minimizing F. We choose
the order parameter [1]

le:z' Dfln'mélm (1)

where the D,l,;m are the elements of the transformation
matrices of the spherical harmonics, Y;,, under rotation.
The Qj» are molecular parameters which transform under
rotation as the Yj;,. The ground state of a system with
pairwise interaction is one in which all the molecules have
the same orientation. This is easily seen if one uses for the
Oim a Cartesian representation in which this effective
‘quadrupole’ is a real symmetric matrix of zero trace. The
isotropic state with Q;, =0 for all m, is always an
extremum of free energy F. For /=2 and with symmetric

molecules such that O is zero unless m = 0, equation (1)
reduces to the P, interaction of Maier and Saupe.

From the molecular shape of any biaxial object, we
can always choose the frame of reference so that 02 +1 =
0; éz,(ﬁbo and real; Q22= éz, —2# 0 and real. The last
term is zero for axially symmetric molecules. Without
the loss of generality, we may use the following polar
coordinates in the order parameter space by defining

020=rcos6; 0:2=2""rsino

so that
51:r2:Q§,0+2Q%,2 2a)
S>=r"c0s30=020(030 — 6032) (2b)

To construct the free energy F, it can be shown that
since F must be invariant under rotations its expansion
must be polynomial in the two invariants r cos30=25)
and +*=5,. For our model the expansion of the free
energy F by considering sixth degree expansion is well
approximated by

A B, C ; D E , G
F=—S1+—Si+—Si+ S+~ SHS+—85152
2 4 6 3 6 5

(3)

In this free energy expansion odd terms of order three
and higher are allowed. There are two independent sixth
order terms.

As we shall see, the presence of E term introduces the
possibility of a biaxial phase. The parameters 4, B, C,
D, E and G are phenomenological parameters. As is
usual for the Landau theory, we assume that 4 is linear
in temperature. Instead of considering only 4 (temper-
ature) as the controllable variable, we will now construct
the phase diagrams as functions of 4 and D. The physical
meaning of D will be discussed elsewhere. It is readily
verified that the structure of equation (3) implies all of
the major features of the phase diagram.

The minimization of F leads to three possible stable
phases:

(1) Phases II (N;}) and III (Ny) corresponding to

020=0 and 022=0, associated with the
extremum condition

A+D0r0+ B0+ GO+ COY=0  (4)
(2) Phase IV (Ng), with 020%#0, 02270, associated
with the conditions
B cC, G
A+ S+ "Si+—85=0
2 2 5
(5)
D E G
—4—S+—51=0
3 3 5

Phases Il and III differ only in the sign of the order
parameter Qzo. Their symmetry is characterized
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by rotational elements which are three times
smaller than in the case of a symmetric phase.
The symmetry group of phase IV is a subgroup
of index 2 of the symmetry group of phases IT and
III. As shown in the figure they result from a first
order transition I-II or I-IIL
In the limit 0 —0, the stability conditions of phases
of type Il reduce to the contradictory inequalities /=0,
<0 indicating that the transition from a symmetric
phase 1 to phases II and III is possible only at an
isolated critical point 4 =0, D =0 (Landau condition
[15]). The transitions I-II and I-IIT are second order
only at the Landau critical point defined by

A=F(Q=0)=0 and D=F(Q=0)=0 (06)

where

A B c , G
Fi=0FoSi=—+—8S1+—S1+—85,=0
2 2 2 5
(7)
D E G
F2=6F/652=;+;Sg+;51=0

Now from expressions (5) it is clear that in the case of
phase IV the likelihood of the second order transition
from a symmetric phase is no higher than at an isolated
point in the phase diagram. The coordinates of this
point in the diagram are also given by the intersection
of the lines 4 =0, D =0.

The stability conditions for phase IV are

Fi1 F — F12F1 =0, F1=0 (8)

where,

u +cCs £ ¢

Fi=_ . Po=T, Fo=P=_

=7 1 2=7 2= =7
In the vicinity of the critical point, they reduce to the

inequalities

A=(25BE—6G*)>0, B>0 9)

Near the boundary between the isotropic and uniaxial
phases we find from equation (4) that

1
QZE[—Di(Dz—LtAB)”Z] (10)

The condition of ‘proximity’ in an isotropic phase,
deduced from equation (4), means that 4 ~ D%, The
stability condition d2F/dQ§,2>O shows that at the
boundary with the isotropic phase we have Q >0 for
D<0 and 9<0 for D>0. The stability boundary of
phases II and III is provided by the inequality
d*F1030>0 which is explicited by

—D*—44B=0 (11)

represented by line 2 in the figure.

To construct the phase diagram (1) the fifth order
term F in the free energy is retained and 4 and D are
both linear functions of temperature. To bring the biaxial
nematic phase into reach, the uniaxial nematic temper-
ature range should be reduced, possibly by lowering the
value of |D|. The above condition is identical with the
requirement that Q be real. The equation for the phase
transition line is

2D —94B=0 (12)

represented by the solid line 1 in the figure.

The experimental re-entry phase behaviour [3,16] is
quite different from the phase diagram shown in the
figure. In a system of the type considered above and
shown in the figure, the ground state is an ordered
nematic phase. In contrast, for the re-entry transition
system, the ground state is an isotropic phase.
Additionally, in figure 1, the biaxial nematic phase forms
an open area, but in the re-entry system the biaxial
region becomes narrow at lower temperatures and one
can expect it to close somewhere.

This comparison indicates that the underlying inter-
action is different for the two cases. Since the equilibrium
state is determined by the competition between entropy
and energy, the re-entry phase diagram reflects a more
complex dependence of the entry on orientation. The
model considered here may be modified to include the
possibility of re-entrant behaviour.

The phase transition from uniaxial nematic to biaxial
nematic is determined from our calculations to be a
second order transition. In the figure the two second
order lines form a sharp cusp which separates the No
and Ny phases and forms a special critical point. These
results support experimental observation [3-5,16, 17].

N\

Figure 1. Phase diagram of biaxial-uniaxial transitions near
an isolated four phase critical point (4 =D =0). The
dashed lines represent second order phase transitions
between biaxial phase IV (Ng) and the uniaxial phases II
(NJ) and III (Ng). The continuous line 1 represents first
order phase transitions between isotropic and uniaxial
phases. The continuous line 2 represents the stability of
phases II and III.
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Now the solution of the system (5) can be obtained
near the Landau critical point by the approximate
expressions

1 1
S$1=,(2GD —5EA) 3= (3GA = 5BD) (13)

where,
1 2
P=g(2SBE— 6G°)

Since S1 and S2 are linear with respect to 4 and D, but
are of different order with respect to O, phase IV may
exist only inside the part of the phase diagram bounded
by the dotted lines in the figure, whose equations are

5BD —3GA +30P(— 4/B)** =0 (14)

and, consequently, the width of the region of existence
of phase IV in the (4, D) diagram is of the order of 13/2,
where 7 is the distance from the critical point in the
diagram (when the width of the biaxial region has shrunk
to zero, leaving a first order NU-NG transition). The
lines defined by equation (14) are the boundaries of the
region where S1 and Sz are real for a biaxial phase and
represent the loss of stability of uniaxial phases.
Consequently, second order phase transitions occur on
these lines. Finally, we can give the approximate expres-
sion for the order parameter components in phases II
and III, which is given by equation (10), and in phase
I1I:

1
0=+ (_A/B)”Z—}—;(D—}—SA(—A/B) (15)

Let us note that the symmetry of phase IV is always
lower than the symmetries of phases IT and III.

Near the boundary with the biaxial phase, where
A ~ D, the expression for the order parameter of uniaxial
phases is

O=yn+y+y+.. (16)
with

1=+ (—a/B)'"? )
1 2
y2= E(D + 54y71)

y3=(1/8By1)

X [D*+304Dy3+ 12547y} — 4B(C+ E)yi]

{17)

When the biaxial phase is absent, a first order transition
between the two uniaxial phases occurs along the line

1/2

A= (5BDI3G) + (10/9)"*(D1G)'* (18)

with a liberation of the latent heat
q= —(5DI6G)T (AI3T)
+[—(54/6G)+ (25/18)(BDIG*)1T (8D10T ) (19)

The thermal properties near the critical point can be
investigated using expansion (3). At the critical point
itself the heat of transition vanishes and it rises, away
from this point, along the first order phase transition
described by ~ 4. If the transition at the critical point
is a uniaxial phase, the specific heat Cp increases abruptly

by an amount
aeoe 124 20)
" ap|oar

If the transition is from isotropic to biaxial phase the
change is

ACp= Cf)iaxial _ C}i)sotropic

T
= @[ 15E(0AIOT )> — 12G(DAIOT )(dDIAT )

+10B(8D10T )] (21)

The positive definite nature of the quadratic form of
equation (21) follows from the conditions of stability (9)
of the biaxial phase. Near the point 4 =D =0, the
abrupt change in the specific heat at the boundary
between the biaxial and uniaxial phases is

ACp= C?)iaxial _ C;J)niaxial

T op\
=— 3G(04/6T)— 5B — (22)
5BA ar

3. Conclusion

Experimental indications for the existence in nematic
liquid crystals of a phase transition from a uniaxial to a
biaxial phase have been previously reported. Accurate
measurements of all order parameters and of the specific
heat in the neighbourhood of the transition temperature
are still lacking; the theories proposed previously were
still undeveloped. The present work provides theoretical
calculations for both the order parameters and the
specific heat for the first time.

It is useful to make a comparison between the Landau
theory of nematic liquid crystals presented here and the
earlier theories of Freiser [1,2], Alben [9] and Straley
[10]. The work of Freiser and Alben assumed a second
rank tensor as the order parameter and this was allowed
for in our theory. But the phase diagram of the figure is
slightly different from the phase diagram of earlier works.
In the present diagram we have indicated the actual
stability limit of all the phases. The temperature depend-
encies of the order parameters have been calculated in
all the phases; this was absent in Alben’s work. The
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behaviour of the physical quantities in the vicinity of an
isolated critical point is also calculated theoretically for
the first time. It is also interesting to calculate the specific
heat experimentally at the boundary of the different
phases. The generalization of the present analysis might
be of significance in three respects: (1) it would afford a
more nearly quantitative description of a real liquid
crystal; (2) it could be useful in describing biaxial phases
of lower symmetry; (3) it might lead to an alternation
of Alben’s critical point.

As an illustration of the application of Landau theory
to the biaxial nematic phase one can also consider the
behaviour of the magnetically induced birefringence near
the critical point. Stinson et al. [ 17] have shown that there
is a divergence of magnetically induced birefringence
near the isotropic to nematic phase transition.

Ideally, experimental observation should resolve
whether transitions such as positive uniaxial nematic
(NJ), negative uniaxial nematic (Ny) and isotropic to
biaxial, etc. actually occur, or whether in fact the proper
order parameter is indeed a second rank tensor. At the
present time it appears that all known uniaxial phases
are of type NJ, while the only observed biaxial nematic
phase occurs in the lyotropic mixtures pioneered by
Saupe and coworkers [3-5, 17]. Thus insufficient data
are yet available to resolve these important questions.
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